Discovering Real Lie Subalgebras of Cq using 
Cartan Decompositions 



Aaron Wangberg 
Department of Mathematics & Statistics 
Winona State University 

Winona, MN 55987 
awangbergQwinona . edu 

Tevian Dray 
Department of Mathematics 
Oregon State University 
Corvalhs, OR 97331 
tevian@math . oregonstate . edu 

December 14, 2012 

Abstract 

The process of complexification is used to classify a Lie algebra and identify its 
Cartan subalgebra. However, this method does not distinguish between real forms of a 
complex Lie algebra, which can differ in signature. In this paper, we show how Cartan 
decompositions of a complexified Lie algebra can be combined with information from 
the Killing form to identify real forms of a given Lie algebra. We apply this technique 
to s[(3, 0), a real form of ee with signature (52,26), thereby identifying chains of real 
subalgebras and their corresponding Cartan subalgebras within ee- Motivated by an 
explicit construction of sl(3,0), we then construct an abelian group of order 8 which 
acts on the real forms of ee, leading to the identification of 8 particular copies of the 5 
real forms of Ce, which can be distinguished by their relationship to the original copy 
ofs[(3,0). 
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1 Introduction 



The group Eq has a long history of apphcations in physics, beginning with the original dis- 
covery of the Albert algebra and its relationship to exceptional quantum mechanics [H [21 [3] . 
As a candidate gauge group for a Grand Unified Theory, Eq is the natural next step in 
the progression SU{5), 5*0(10), both of which are known to lead to interesting, albeit ul- 
timately unphysical, models of fundamental particles (see e.g. [4j), and is closely related to 
the Standard Model gauge group SU{3) x SU{2) x U{1). 

A description of the group i?6{-26) as 5^(3,0) was given in [5], generalizing the inter- 
pretation of SL{2,0) as (the double cover of) 5*0(9,1) discussed in [0]. An interpretation 
combining spinor and vector representations of the Lorentz group in 10 spacetime dimen- 
sions was described in [7], and in [8] we obtained nested chains of subgroups of 5L(3,0) 
that respect this Lorentzian structure. 

The resulting action of Eq appears to permit an interpretation in terms of electroweak 
interactions on leptons, suggesting that this approach may lead to models of fundamental 
particles with physically relevant properties. In particular, the asymmetric nature of the 
octonionic multiplication table appears to lead naturally [9] to precisely three generations of 
particles, with single-helicity neutrinos, observed properties of nature which as yet have no 
theoretical foundation. 

In the present work, we use various Cartan decompositions of the Lie algebra Cg to 
further extend this construction in two distinct ways. First, we identify additional real sub- 
algebras of s[(3, O), thus completing the explicit construction of nested chains of subgroups 
of 5L(3,0) begun in [8], building on the Lorentzian structure of 5L(2,0). In particular, 
we locate the "missing" O4 subgroups of 5L(3, O) referred to in [8], in the form SU (3, 1, H). 
We then reinterpret the Cartan decompositions used in our construction as (vector space) 
isomorphisms of the complexified Lie algebra Cg , yielding an abelian group of such isomor- 
phisms that acts on the 5 real forms of eg, allowing us to identify 8 particular copies of these 
real forms, based on their relationship to the original copy of s[(3,0). 

We briefly review the basic structure of 5L(3, O) in Section 2.1 , and the basic properties of 
Cartan decompositions in Section 2^ We construct three important Cartan decompositions 
of eg in Section |3| and use them to construct nested chains of subalgebras of s[(3,0) in 
Section 111 which are used in Section 4.2 to construct a tower of subalgebras in s[(3, 0) based 



upon our preferred basis of the Cartan subalgebra, completing the program begun in 
Finally, we explore the relationships between the real forms of eg in Section [5j 



2 The Basics 



2.1 SL(3, 

We summarize here the description of the Lie group 5L(3, O) = i?6(-26)5 as given in [5l|7l!8]|^ 
The Albert algebra H3(0) consists of the 3x3 octonionic Hermitian matrices. A complex 



^Much of this material also appears in [TU] , 
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Table 1: Our preferred basis for si{3, O) 



matrix Ai is one whose components lie in some complex subalgebra of O; such matrices act 
onX e H3(0) as 

X^MXM^ (1) 

and SL{3, O) can be defined as the (composition of) such transformations that preserve the 
determinant of X. Each Jordan matrix X can be decomposed as 



X 



X = 

and M G SL{2, O) C SL{3, O) acts on vectors X and spinors 9 via the embedding 

Ml — >M 



(2) 



M 











(3) 

An explicit identification of elements of SL{2,0) with the (double cover of the) Lorentz 
group S0{9,1) was given in [6], naturally generalizing the identification of SL{2,C) with 
(the double cover of) S0{3, 1). We refer to elements of SL{3,0) of the form ^ as being 
of type 1, with analogous definitions of types 2 and 3. There are thus 3 natural copies of 
SL{2,<0) sitting inside SL{3,0), which we label according to their type and character as a 
Lorentz transformation. Thus, the 45 elements of type 1 SL{2, O) consist of 9 boosts B}^ and 
36 independent rotations R^^., where the spatial labels q, r run over x, z, and the imaginary 
octonionic units {i,j,k,k£,j£,ii,i}. Some of these 45 generators of type 1 SL{2,0) require 
the use of more than one transformation of the form ([T|, a phenomenon we call nesting. 

The generators of the 3 natural copies of SL{2,0) do indeed span 5'L(3,0), but are 
not independent, so we introduce a preferred set of generators. First of all, the 3 copies of 
G2 C SO (7) C SO {9, 1) are in fact the same, so we dispense with the superscript labeling 
type, and call the 14 generators {Ag, Gg}, with q now ranging over the imaginary octonionic 
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units. We denote the remaining 7 generators of (type 1) SO (7) by S^. Second, by triality 
there is only one copy of SO (8), so we add the 7 generators Rl^, for a total of 28 generators 
so far. The remaining 24 rotations in SL{3, O) are the 3 types of rotations with z, to which 
must be added the 27 — 1 = 26 independent boosts — the diagonal zt boosts are not all 
independent. 

Our 78 preferred generators of SL{3, O) become a basis of the Lie algebra s[(3, O) under 
differentiation, denoted by a dot; this preferred basis is summarized in Table [TJ For further 
details, see jSl [71 [8] . 

2.2 Graded Lie Algebras 

A 7j2- grading of a Lie algebra g is a decomposition 



such that 



= p 


©m 


(4) 


[p>p] 


c p 




m, m] 


c p 


(5) 


[P,m] 


C m 





so that p is itself a Lie algebra, but m is merely a vector space. We will assume further 
that m is not abelian (in which case it would be an ideal of q), and that the Killing form is 
nondegenerate on each of p and mj^ Each Z2-grading defines a map 6 on given by 

e{P + M)=P-M (Pep,Mem) (6) 

which is clearly an involution, that is, a Lie algebra automorphism whose square is the 
identity map. Conversely, an involution 6 defines a Z2-grading in terms of the eigenspaces 
of 6 with eigenvalues ±1, which can be shown to satisfy ([s]) [llj. 

A Cartan decomposition of a real Lie algebra g is a Z2-grading of 0, with the further 
property that the Killing form B is negative definite on p and positive definite on m. In 
this case, (p,m) is called a Cartan pair, the signature of q is (|p|,|m|), and the associated 
involution 9 is called a Cartan involution. Informally, p consists of rotations, and m of boosts. 

We extend this terminology to the complexification of q. Whereas each real form of 

admits a unique (up to isomorphism) Cartan decomposition, itself will admit several, 
one for each real form. 

A slight modification of an involution 9 on q can be used to map one real form of 
to another. Use 9 to split q into eigenspaces p and m as above, and then introduce the 
associated Cartan map 0* on via 

(t)*{P + M) = P + iM {Pep'^,Meuf) (7) 
^For an example of a Z2-grading that does not satisfy these conditions, see [8]. 
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with = —1, that is, where ^ is a square root of —1 which commutes with all imaginary 
units used in the representation of q. The structure constants of a real form q of are real 
by definition, and since 

[p, p] C p [p, ^m] C [^m, ^m, ] C ^'p = (-l)p (8) 

then p©^m also has real structure constants, and is therefore also a real form of the complex 
Lie algebra q^. Note that (p* is a vector space isomorphism, but not a Lie algebra isomorphism 
— as must be the case if it takes one real form to another. Further information regarding the 
interplay between involutive automorphisms, the Killing form, and real forms of a complex 
Lie algebra may be found in [11] . 

We claim that any Z2-grading of a real Lie algebra g is in fact the Cartan map associated 
with (the restriction of) some Cartan decomposition of g"-". 

Lemma: Every Z2-grading of a real Lie algebra Q is the restriction of a Cartan decom- 
position of g^. Equivalently, the extension of the Z2-grading to is the image of a Cartan 
decomposition of some (other) real form of under an associated Cartan map. 

Proof: Let = p © m be a Z2-grading of q. Extend this grading to the Z2-grading 
gC _ pC then restrict each component to the compact real form q^. of q^. We 

thus obtain the vector space decomposition 

0c = pc©mc (9) 

Since we started with a Z2-grading, and since Qc is a Lie algebra by assumption, we must 
have 

[pcPc] Cp^ng, = pc (10) 
with similar expressions holding for the other commutators in Thus, (|9]) is a Z2-grading 
of Qc- It is now straightforward to invert the associated Cartan map, constructing the vector 
space 

g' = pc®^mc (11) 

with = —1. Even though associated Cartan maps are not Lie algebra isomorphisms, they 
do preserve the Z2-grading, so q' is a Lie algebra, and the Killing form is negative definite 
on pc, and positive definite on trie, by construction (and the assumed nondegeneracy of the 
Killing form). Thus, (11) is a Cartan decomposition of the real form q' of q'^. 

□ 

The Z2-gradings of q therefore correspond to the possible real forms of 0*^. We will use 
associated Cartan maps 0* : g*^ — )■ not only to identify different real forms of q^, but 
also to identify real subalgebras of our particular real form q. When applied to the compact 
real form 0c = pc © Tic, the map (p* changes the signature from (|p| + |m|,0) to (|p|, |m|). 
Similar counting arguments give the signature of (f)*{Q) when q is non-compact, since (p* 
changes some compact generators into non-compact generators, and vice-versa. We then 
use the rank, dimension, and signature of (f)*{Q) to identify the particular real form of the 
algebra. Using tables of real forms of showing their maximal compact subalgebras [TT], 
we can also identify p = g fl 0*(g) as a subalgebra of our original real form q. Since the 
maximal compact subalgebra of 0*(0) is known, we can further identify its pre-image as a 
non-compact subalgebra of q. 
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3 Cartan Decompositions of sl(3, O) 



3.1 Some Gradings of sl(3, 

We first make some comments about our preferred basis for 5[(3, O), whicli is listed in Tablejl] 
and furtlier discussed in [8]. Let b and v be the vector subspaces consisting of boosts and ro- 
tations, respectively. Our preferred choice of basis favors type 1 transformations, in the sense 
that we choose to represent 50 (8), as well as its subalgebra Q2, in terms of transformations 
of type 1. Let ti be the subspace spanned by B^^ — B^^ and all type 1 transformations, and 
t2 and ta the subspaces spanned by the type 2 and type 3 transformations in our preferred 
basis which are not in tij^ Let t23 = t2 © ts- Finally, let f) be the subspace corresponding to 
transformations that preserve the preferred quaternionic subalgebra EI = {l,k,k£,i), and let 
f)"*" be its orthogonal complement. The vector space f) is spanned by transformations with 
no labels in {i,j,ji,ii} and is in fact a subalgebra, while f}-*- is the subspace spanned by 
transformations having one label from {i, j, f) contains quaternionic basis elements, 

such as Ake,Rli, and Bf^, while f)-*" contains orthogonal- quaternionic basis elements such 
as Ai, R\-^, and B^-^. 

Direct computation shows that: 

[r,r]cr [ti,ti]cti [f),f)]c{) 



[r,b]cb [ti,t23]ct23 
[b,b]cr [t23,t23]cti 



f),f)^]cf)^ (12) 



so that each of the decompositions r © b, ti © t23, and f) © f)-*- is a Z2-grading of 5[(3, O). We 
therefore introduce the involutions (ps, (pt, and 0e on s[(3,0), given by 

(t)s{R + B) = R~ B REt,BEb 
0t(Ti + T23) = Ti - r23 Ti G ti, T23 G t23 (13) 

MH + H') = H-H' He\),H'e\)^ 

and let 0*, 0^, and 0^ be the associated Cartan maps on Cg . 

The associated Cartan map 0* transforms s[(3, O), which has signature (52, 26), into the 
compact real form 0* (5[(3,0)), which has signature (78,0). The subalgebra 



0* (s[(3,0)) ns[(3,0) = r (14) 

has dimension 52 and is therefore easily seen to be the compact real form su(3,0) of f4. 
For this case, the compact part of 0* (s[(3, O)) is the entire algebra, so that its pre-image is 
already a known subalgebra of s((3, O), namely st(3, O) itself. 

Since B}^ + B^^ + 13 = 0, and since ti contains Bj^ and B^^ — Bf^, we regard both B^^ and Bf^ as being 
elements of ii. 
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3.2 Some Subalgebras of $i{3, O) 

We obtain two interesting subalgebras of si{3, O) when we apply the associated Cartan 
map (pl- First, the signature of q' = 0^(s[(3,O)) is again (52,26), since {23 contains the 
same number of boosts and rotations (16 of each). The real form q' is therefore isomorphic 
to, but distinct from, s[(3,0), with maximal compact subalgebra q'^ = f^. Hence, the pre- 
image of q'^ is a real form of in s[(3, O). It has signature (36, 16), and the 16 non-compact 
generators identify this real form of as su(2, 1, O) = f4{-20)- The second subalgebra comes 
from looking at 

(/);(s[(3,0)) ns[(3,0) = ti (15) 

Because |ti| = 46, it must be a real form of D5 ©^i. But ti contains 5o(9, 1) = s[(2, O), which 
has signature (36, 9), as well as the boost Bf^ — B^^. Writing u(— 1) for the non-compact real 
representation of Di generated by B^^ — Bf^, we identify ti as the subalgebra st(2, O) ©u(— 1), 
with signature (36, 9) © (0, 1). 

We also obtain two subalgebras by applying (j)^ to 5[(3,0). In this case, the signature 
of 0' = </)5j (s[(3, 0)) is (36,42), since f)-*- contains 28 rotations and 12 boosts, resulting in a 
net of 16 changes in signature. The maximal compact subalgebra q'^ of q' is su(4, H), the 
compact real form of C4. The pre- image of q'^ has signature (24,12), and, due to the 12 
non-compact generators, can be identified as su(3, 1,EI). The invariant subalgebra 

0;j(5[(3,O))n5((3,O) = [) (16) 

has dimension |f)| = 38 and signature (24, 14), and is therefore a real form of 05 © Oi with 
signature (21,14) © (3,0). Of the 24 rotations unaffected by (f)^^, there are 21 which are 
quaternionic and form the subalgebra su(3,]HI). The remaining three rotations Ak, Ake, Ae 
are the elements of 02 that leave invariant the quaternionic subalgebra spanned by {k, i, ki}. 
The four elements i, j, ii and j£ can be paired into two complex pairs (of which i + ii, j +ji is 
one choice), and the transformations A^, A^i, Ai act as su(2,C) transformations producing 
the other pairs of complex numbers. We henceforth refer to this copy of su(2, C) as 5u(2)e- 
Hence, the 24 compact elements form the algebra su(3, EI)©su(2)h, and f) = 51(3, EI)©5u(2)h. 

3.3 More Subalgebras of 5l(3,0) 

Consider now the composition 0j o0j^. We define the subspaces f)i, f)23, ^i, and P)^3 of s[(3, O) 
to be the intersections of pairs of subspaces ti, t23, f), and f)-*-, as indicated in Table [2] For 
example, f)i = f) fl ti and f}^3 = f)"*" fl t23. Table [2] also indicates the number of basis elements 
which are boosts and rotations in each of these spaces, whose commutation rules are given 
in Table O 

We see from Table [3] that, in addition to the subalgebras f) = f)i © f)23 and ti = f)i © i)i 
constructed previously, f)i and [)i © [)^3 are also subalgebras of s[(3, O). Furthermore, (p* o ^jjj 
fixes 

0: o (5[(3, 0)) n 5[(3, 0) = [)i © [)^3 (17) 

as a subalgebra, since everything in f)i is fixed by both maps, while everything in [)^3 is 
multiplied by = —1. Thus, even though the composition of associated Cartan maps is 
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^23 
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tl t23 




f)i 


f)23 


f) 


(16,6) (8,8) 






f)^3 




(20,4) (8,8) 



Subspace Signature 
Table 2: Intersections of Subspaces ti, t23, f), and f) 
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f}23 




f)23 
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f}23 




1)^3 


f)23 


[)23 
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f)^3 






f)^ 


f)^3 


[)1 


f)23 


[)4 
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i)i 


f)23 


1)1 



Table 3: Commutation structure of f)i, f}235 f)i , and f) 



not quite an associated Cartan map itself (due to the minus sign), it does lead to another 



Z2-grading; we return to this point in Section 5.1 below 



The subalgebra p in (17) has dimension 38 and signature (24, 14), and is thus a real form 
of as © Oi. However, it has a fundamentally different basis from [) = sl{3, H) © su(2)h, as p 
uses a mixture of the quaternionic transformations of type 1 with the orthogonal-quaternionic 
transformations of type 2 and type 3, while s[(3,]HI) is comprised of only the quaternionic 
transformations. We therefore refer to this algebra as s[(2, 1,M) ©su(2)2. Explicitly, 

5u(2)2 = {Gk + 2SIGm + 2Sl„ G, + 2Sj) (18) 

again corresponds to permutations of and fixes {k,ki,i}, but is not in 02- We 

also note that the maximal compact subalgebra g'^ of (j)^o(j)^ (st(3, 0)) has dimension 36, and 
its pre-image in s[(3,0) has signature (24, 12). We identify this subalgebra as su(3, 1,11)2, 
since this real algebra has a different basis than our previously identified su(3, which 
we henceforth refer to as su(3, 1, M.)i. 

We summarize in Table |4] the subalgebras constructed from our three associated Cartan 
maps, as well as compositions of these maps. For each map 0*, the second column lists the 
signature of g' = 0*(s((3,O)), the third column identifies, and gives the signature of, the 
fixed subalgebra p = 0* (s((3, O)) fl s[(3, O), and the fourth column identifies the pre-image 
of the maximal compact subalgebra of g' = (p* (sl(3,0)), listing both the algebra and its 
signature. Each algebra listed in the third and fourth columns of Table |4] is a subalgebra of 
sl(3, O), constructed using the other real forms of eg. 

Despite recognizing f)i, f)i © Pi^g, f)i © f}23, and f)i © l)-^; as subalgebras of sl{3, 0) using the 
commutation relations in Table [3| we note that su(3, 1,]HI)2 is not any of these subalgebras. 
In the next section, we use another technique involving associated Cartan maps to give a 
finer refinement of subspaces of st(3,0), allowing us to provide a nice basis for su(3, 1,11)2 
and other subalgebras of s[(3, O). 



8 





Signature of 
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s[(3,]H)©su(2)h 


su(3, l,]H)i 
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(46,32) 
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s[(2,0)©u(-l) 




(38,40) 
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su(3, l,H)i 


s[(3,]H)©su(2)h 
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(36,42) 
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sl(2,l,M)©su(2)2 


su(3,l,H)2 




(38,40) 


(24,12) 


(24, 14) 






su(3,l,]H)2 


s[(2,l,M)©su(2)2 



Table 4: Compositions of associated Cartan maps and the corresponding subalgebras 
of 5[(3,0). 

4 Constructing Subalgebras of sl(3, O) 

4.1 Using Composition of Associated Cartan Maps 

We have aheady used associated Cartan maps to identify the maximal subalgebras of s[(3, O). 
This was done by separating the algebra into two separate spaces, one of which was left 
invariant by the map. In this section, we use composition of associated Cartan maps to 
separate s((3, O) into four or more subspaces spanned by either the compact or non-compact 
generators, with the condition that the map either preserves the entire subspace or changes 
the character of all the basis elements in the subspace. We identify additional subalgebras 
of s[(3, O) by taking various combinations of these subspaces. 

We continue to use the associated Cartan maps 0*, 0^ , and 0Ji, as well as the subspaces 
r, b, ti, t23, f), and f)-*- defined in the previous section. 

We first consider the composition (p^o (p*. This map fixes the subspaces re = t H f), con- 
sisting of quaternionic rotations, as well as = bflf)"'", consisting of orthogonal-quaternionic 
boosts. Under 0gO0*, the two subspaces bn and r_L = r fl f)-*- change signature. These spaces 
consist of orthogonal-quaternionic rotations and quaternionic boosts, respectively. The di- 
mensions of these four spaces are displayed in Table [5j 

We list the signature of these spaces under 0^ o 0*, and can thus identify subalgebras of 
0^o0* (st(3, O)). However, we are primarily interested in the pre-image of these subalgebras 
in our preferred algebra st(3,0). Determining the signature of these spaces in st(3,0) is 
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[) 




r 


Itel = 24 


= 28 


b 


Ibnl = 14 


|b±| = 12 



Table 5: Splitting of basis under (j)^o (j)*. 



n 




ti 


^23 




r 


1^1 


= 36 


h^23 = 


16 


b 




= 10 


|b23| = 


16 



Table 6: Splitting of Cq basis under 0j o 0*. 



straightforward, as the rotations are compact and the boosts are not. 

We use the subspaces represented in Table [s] to identify subalgebras of s[(3,0). As 
previously identified, the 24 rotations in re fixed by the automorphism form the subal- 
gebra su(3, EI)i © su(2)h, where su(3,EI)i C su(3,l,EI)i. The entries in the first col- 
umn of Table |5] represent all quaternionic rotations and boosts, and form the subalgebra 
st(3,EI) ©su(2)e. Of course, the entries in the first row, % and r_L, form f4. We finally con- 
sider the entries % and b± on the main diagonal of the table. Two orthogonal-quaternionic 
boosts commute to a quaternionic rotation, and an orthogonal-quaternionic boost commuted 
with a quaternionic rotation is again an orthogonal-quaternionic boost. Hence, the subspace 
tH © b_L closes under commutation and is a subalgebra with signature (24, 12). While both 
so(9 — ?7,,n, M) and su(4 — n,n,M) have dimension 36, only su(3, 1,EI) has 12 boosts, so 
% © b_L is the previously identified 5u(3, 1, ]HI)i. 

The algebra % © b_L = su(3, 1, ]HI)i is a real form of the complex Lie algebra C4. Since C4 
contains C3 but not ba, the 21- dimensional subalgebra contained within re is a real form of 
C3, not of bs. In addition, any simple 21- dimensional subalgebra of tn © b_L is a real from of 
C3. Eliminating the boosts from su(3, 1, EI)i leaves su(3, M.)i. 

We next consider the composition 0^ ° 4>*s- This automorphism separates the basis 
for st(3, O) into the subspaces 

ti = r n ti bi = b n ti .^g. 

b23 = b n tas t23 = r n tss 

As shown in Table [6} this map leaves the signatures of ti and b23 alone, while it reverses the 
signatures of ^23 and bi. 

We again use the subspaces represented in Table |6] to identify subalgebras of st(3,0). 
The subspace Xi is the subalgebra so(9,]R), containing all subalgebras so(?2, M) for n < 9, 
and we have already seen that the subspace ti = ti © bi is so(9, 1,M) © u(— 1). Again, the 
complete set of rotations ti © r23 form the subalgebra su(3,0), which is a real form of f^. 
Interestingly, the subspace ti © b23 on the main diagonal is another form of f^. The 16 boosts 
in ti © b23 identify this form of f4 as su(2, 1, O). 
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n 


h 


f)23 




[)4 


r 




h^23,e = 8 


K±\=20 


h^23,± = 8 


b 


bi,e = 6 


b23,H = 8 




b23,± = 8 



Table 7: Splitting of Ce basis under 0^ o 0^ o 



We finally consider the composition o 0Jj o 0*, which creates a finer refinement than 
compositions of two maps. The resulting subspaces are listed in Table [7) We continue with 
our previous conventions for designating intersections of subspaces, that is, r23,± = rnt23n[)-'-. 

Using this division of s[(3,0), we find a large list of subalgebras of s[(3,0) simply by 
combining certain subspaces. The subspace description of these algebras, as well as their 
identity and signature in s[(3, 0), is listed in Tablejs} This fine refinement of s[(3, O) provides 
a description of the basis for 5u(3, 1, EI)i and su(3, 1, EI)2, as well as st(3, H) and sl{2, 1, H). 

4.2 Chains of Subalgebras of $i{3, O) 

We have used associated Cartan maps to produce large simple subalgebras of st(3, O), ranging 
in dimension from 52, for f4, to 21, for C3. Each of these subalgebras in turn has its own 
associated Cartan maps, which we could use to find even smaller subalgebras, thereby giving 
a catalog of subalgebra chains contained within s[(3, O). However, having identified the real 
form of the large subalgebras of s[(3,0), it is not too difficult a task to find the smaller 
algebras simply by looking for simple subalgebras of smaller dimension and/or rank, using 
the tables of real forms listed in [TT] when needed. Furthermore, we can choose our smaller 
subalgebras and their bases so that they use a subset of our preferred basis for the Cartan 
subalgebra of s[(3, O), namely {B^^, Bf^ — Bf^, R].^, S}, Gi, Ag}, henceforth referred to as our 
Cartan basis. 

We display these chains of subalgebras of st(3, O) in the following tables. Each table is 
built from a u(l) algebra, generated by a single element of our Cartan basis. We extend each 
algebra to a larger algebra q' by adding elements to the basis for q. In particular, each 
algebra of higher rank must add new elements of our Cartan basis, as indicated along the 
arrows (with dots suppressed). Figure [l] is built from the algebra u(l) = {Gi — Si), leading 
to 

u(i) c su(i, e) c 5u(2, e) c su(3, e)i c 51(3, e) (20) 

Additional subalgebras of s[(3, O) can be inserted into this chain of subalgebras. For instance, 
we can insert s[(2, H) between 5u(2, M) and s[(3, H), and extend si{2, M) to sl{2, 0). We can 
also expand su(l,EI) to 5u(l,0) = so(7) and insert the 5o(n, M) chain for n > 7 into the 
figure. However, so (7) uses a basis in this chain that is not compatible with 02 = aut(O). We 
do not list all of the possible u(l) subalgebras, but do add the subalgebra u(l) = (Rli) into 
the chain and extend it to su(2,C)s and s[(2,C)s, which use the standard (type 1) matrix 
definition of 5u(2, C) and sl{2, C). 

With one exception, the algebras in Figure [T] are built from subalgebras by extending the 
basis at each step; we do not allow any changes of basis. The one exception is the inclusion 
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Basis 


Subalgebra of st(3,0) 


Signature 


tl,H 




(10 + 3 + 3, Uj 


^i,m ® tr23,± 


su(3,e)2 ©5u(2)h 


(21 + 3,0) 




If / O TnT^ ^-r\ „ . /oA 

sl(2,M) ©su(2)h 
©su(2) ©u(-l) 


(10 + 3 + 3, 5 + Ij 




su(2, l,EI)i ©5u(2)h 


(13 + 3, 8) 




su(2,1,M)2©5u(2)h 


(13 + 3,8) 


% = tl,H © t23,H 


5u(3,]HI) ©5u(2)h 


(21 + 3,0) 


tl,H ® 


5o(5,M) ©5o(4, 1,R) 


(10 + 6,4) 


ti = ti,e © ti,_L 


so(9) = su(2,0) 


(36, 0) 


i) = ti,H © bi,H 

©b23,H © ^23,m 


5[(3,M) ©5u(2)h 


(21 + 3, 14) 


©t23,± ® b23,± 


5l(2,l,H)i©5u(2)2 


(21 + 3, 14) 


ti = ti,H © bi,m 
©bi,± © ri,x 


5((2,0) ffiu(-l) 


(36,9 + 1) 


tH © b± = ri,H © b23,± 

®t23,H © bi,± 


su(3, l,M)i 


(24, 12) 


tl,H ® tr23,± 

©^123^ © bl,± 


5u(3,l,H)2 


(24,12) 


t = ri,H © t23,± 

©t23,e © 


5u(3, 0) 


(52,0) 


tl © b23 = ti,H © b23,± 
©b23,H © 


su(2, 1,0) 


(36, 16) 



Table 8: Subalgebras of 5t(3,0) using Cartan decompositions. 
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of the chain 

5u(2,C)s Csu(3,C), C5u(3,H)i (21) 

using the Cartan basis elements Sj and Gg. We also use different notations to indicate 
possible methods used to identify the subalgebras, with dashed and solid arrows indicating 
that the root diagram of the smaller algebra can be obtained as a slice or as a projection of 
that of the larger algebra; for details, see jTO] . 

Finally, we have identified four different real forms of C3, all of which contain su(2,EI). 
Space constraints limit us to listing only su(2, l,]HI)i and 5u(3,EI)i in Figure [T| but the 
algebras su(2, 1,EI)2, su(3,EI)2, and su(3, 1,EI)2 should also be in this table. We hst these 
four real forms of C3 algebras, all built from su(2, H), in Figure |2| and include all the algebras 
which are built from the C3 algebras. Figure |2] can be incorporated into Figure [T] without 
having to adjust our choice of Cartan basis. 



5 Discussion 

5.1 The Group of Associated Cartan Maps 

We return to the structure of associated Cartan maps 0. The square of 0* is clearly the 
original involution 0, and the inverse of 0* is obtained by replacing ^ with — ^, or equivalently 
as the cube of 0*. But the composition of two associated Cartan maps is not quite an 
associated Cartan map as we have defined them above, although it does lead to a graded 
Lie algebra structure, which we use to define a group operation as follows. 
Given two associated Cartan maps, written symbolically as 

0*(pi+mi) = Pi + ^mi (22) 
0;(p2 + m2) = p2 + ^m2 (23) 

where 

pi © mi = 0^ = p2 © m2 (24) 

we define their product to be 

(01 * 02)(5'pp Qpm ~l" Qmp ~l" Qmm) ~ Qpp ~l" ^Qpm ~l" ^Qmp ~l" Qmm (2^) 

where 

Qpp e pl n p2 qpm G pi n m2 Qmp G mi n p2 Qmm G mi H m2 (26) 

and which differs from composition by the sign of the last term. It is easily verified that 

0^ = {QpP © Qmm) © ilpm © Qmp) (27) 

is a Z2-grading of q'^, so that 0* -k 02 is indeed an associated Cartan map. The operation * 
is commutative, and the square of any associated Cartan map using -k is the identity map. 

The set of associated Cartan maps therefore forms a group under the operation We 
consider in particular the group generated by the associated Cartan maps 0*, 0*, and 0^, 
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5[(2,1,M) ©5u(2)2 
[as © ai] 

A 

Ge+2Sl 

5[(2,1,H) 5U(2,1 
[cis] [f4(36 




5u(2, i,e)i su(3,e)i 

[C3] [C3] 

V A 



5u(2, H) = sp(2) 
[b2 = C2] 



Ge-S} 
U(l) 

Figure 1: Preferred subalgebra chains of ee- 
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5u(2,M) 

[C2] 



Figure 2: Four real forms of C3. An underline indicates the presence of 511(2)2, an overline 
indicates the presence of 5u(2)e, each initial vertical line indicates the presence of one com- 
ponent of b23,e © ^23,±, and each final vertical line indicates the presence of one component 

of r23,H © b23,±- 
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^6(52, 26) 

5(su(3,0))| = 52 



^6(52,26) 

|</.,(su(2,l,0))| = 52 



^6(78,0) 

|0,(sl(3,O))| = 78 




^6(46,32) 

|</),(so(9,l)©u(-l))| =46 





^6(36,42) 

|<^,(5U(2,1,M))| =36 



<t>t 



^6(36,42) 
|</.,(SU(3,1,H)2) 



36 



^6(38,40) 

5(s[(3,H)©su(2)i 



38 




^6(38,40) 

|.^,(sl(2,l,M)©su(2)2) 



38 




Figure 3: Composition of associated Cartan maps of ee acting on real forms of ee, 
showing the maximal compact subalgebra under (j)s. 
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&i,e 




^23^ ^23,1 i>l,X 



Figure 4: The (^2)^ multiplication table under commutation for the subspaces of eg deter- 
mined by the associated Cartan maps 4>^, 4>^, and 0*. All elements square to ti^e- 

which is easily seen to be a copy of (^2)^, and hence of order 8. The orbit of 5[(3, O) = C6(52,26) 
under this group is shown in Figure [3} from which the multiplication table can be inferred. 

The multiplication table of the finite group (^2)^ is identical to that of the octonionic 
units, without the minus signs, and can therefore also be represented using the 7-point pro- 
jective plane. Using commutation as the operation, the same multiplication table applies 
directly to the 8 subspaces listed in Table [7| as shown in Figure |4j Using octonionic language 
for this multiplication table, the 15 proper subalgebras of s/(3, 0) listed in Table [s] consist 
precisely of 1 "real" subalgebra, corresponding to the "identity element" ti^e, 7 "complex" 
subalgebras, formed by adding any one other subspace, corresponding to the "points" in the 
multiplication table, and 7 "quaternionic" subalgebras, formed by adding any one additional 
subspace (and ensuring the algebra closes), corresponding to the "lines" in the multipli- 
cation table. There is of course one subalgebra missing from this description, namely the 
"octonionic" algebra s/(3,0) itself, corresponding to the entire Fano "plane". 

5.2 Real Forms of Zq 

There are 5 real forms of eg, all of which appear in Figure |3j although it is at first sight 
somewhat surprising that several of them appear more than once. However, our interpreta- 
tion of SL{3, O) is tied to a particular choice of basis, so different copies of a given real form 
yield different decompositions of 5[(3,0), not necessarily with the same signature. 

We regard Figure |3] itself as an indication that there are really 8 "real forms" of Cq of 
relevance to the structure of SL{3,0), and hence of possible relevance to physics. At the 
very least, all 8 of these real forms played a role in the construction of the "maps" of si{3, O) 
given in Figures [T] and |2] 
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